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Abstract The ductus arteriosus is one of several shunts in the cardiovascular system.
It is a small vessel connecting the aortic arch and pulmonary artery that allows blood
to bypass the pulmonary circulation. It is open during foetal development because
the foetal lungs cannot function and oxygenation of the blood occurs by exchange
with the maternal blood in the placenta. Normally it closes a few days after birth.
However, in a small number of people closure does not occur, leading to a condition
known as patent ductus arteriosus. In this paper our aim is to investigate the resulting
cardiovascular effects. We develop a mathematical model of the haemodynamics in
three different idealised geometries by assuming that the entry flow is irrotational and
remains so in the core until at least the shunt position. We argue that separation or
diffusion of vorticity into the core flow is delayed due to the high frequency associated
with the pulsatile component of the flow profile. The analysis uses complex potential
theory, Schwarz–Christoffel transformations, conformal mappings and Fourier series.
The main results are based on the assumption that the flow in patients with patent
ductus arteriosus is similar to the flow in healthy adults, and we apply this assumption
using boundary conditions that are representative of physiological values in healthy
adults. The model suggests that the pressures in the aorta and pulmonary artery are
likely to equalise, that the shear stress increases near the edges of the shunt and that
backflow of large volumes may occur from the pulmonary artery into the aorta due to
the presence of the patent shunt.
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Fig. 1 A 3-D CT reconstruction (left) and cross-sectional view (middle) of patent ductus arteriosus
geometries (marked by arrows), aorta (vessel above) and pulmonary artery (vessel below). Images after
[1] and [2].
1 Introduction
The ductus arteriosus is a vascular connection between the pulmonary artery and
the aortic arch in the developing foetus that ensures oxygen is efficiently transported
around the foetal circulation. It protects the right ventricle from pumping against the
high resistance in the fluid-filled lungs by shunting most of the flow from the right
ventricle into the aorta. Usually, it is functionally closed within days after birth, and is
completely sealed after three weeks. Failure for this to happen results in a condition
called patent ductus arteriosus (PDA). Typical geometries of the PDA are shown in
Figure 1. The mortality rate if the PDA does not close and is left untreated is assessed
to be 20%, 42% and 61% by ages 20, 45 and 60 years respectively [3,4]1. If left
uncorrected, irregular transmission of blood between the two largest arteries in the
body can lead to severe health complications such as heart failure.
Surprisingly, many sufferers of PDA appear asymptomatic, even in the presence
of significantly large shunts. Such cases are medically fascinating as, paradoxically,
the cardiovascular defect appears to have little qualitative effect on the circulation.
For example, a 55-year-old marathon runner of excellent exercise capacity was found
to have a shunt with large cross-section 0.0125×0.008 m2 [5]. Other asymptomatic
PDA patients experience healthy blood pressures in both the aorta and pulmonary
artery despite significant flows between the two vessels [6–8]. Most PDA sufferers
develop cardiomegaly or dilated blood vessels, pulmonary hypertension or a lower
pressure difference between the two arteries. These observations suggest that the
heart and lungs adapt in order to compensate for the defect. This hypothesis is also
supported by measurements in symptomatic PDA patients [9,10] and in foetal lambs
[11,12]. Due to the severity of PDA and the complexities associated with correcting
it surgically or non-invasively with an occluding stent, it is important to diagnose it
early, to know the side effects and to predict its development. In particular, knowledge
1 These rates in healthy adults are 1%, 5% and 12% as estimated by insurance companies in 2012
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of the blood flow distribution and of the vascular pressures is crucial to a better
understanding of the condition and its responses to stress and disease.
Two main theoretical approaches can be adopted to study the flow through a
PDA. The full patient-specific problem can be tackled using a numerical simulation;
alternatively, the problem can be idealised using simplified geometry and equations
governing the mechanics in order to gain insight into the underlying mechanisms.
In this paper we adopt the latter approach for three reasons. Firstly, the dominant
mechanisms in the haemodynamics of asymptomatic PDA patients can be found from
analysis of key non-dimensional quantities, which can guide future computational
or experimental research. Secondly, due to difficulties in measurements, there are
limited experimental data available on the shunt geometry and blood flow. Idealised
analytical solutions can provide generic information about the effects of different,
poorly characterised parameters which are difficult or impossible to obtain with
numerical modelling. Thirdly, the anatomy varies significantly between different
subjects, for example in the size, shape and location of the PDA. Thus it would be
difficult to infer general principles from a patient-specific model.
There are few mathematical models of flow through the PDA in the literature.
Many are electric circuit analogues of the full circulation, which have been adapted to
include effects such as compliance, inertance, elastance and conservation equations
(for example [13–15]). These cannot give insight into the local dynamics as there
are no lengthscales involved. Other models couple electric analogues with one-
dimensional mass and momentum conservation equations [16,17]. The main draw-
back of both these and the previous models is that a large set of parameters is fitted
from data. A third set of studies allows for the analysis of time-dependent pressure
profiles by using impedance to monitor the propagation of the input signal away from
the heart [18,19]. The PDA is treated as part of the aorta, so it is not possible to extract
its specific influence or to predict the changes in the pulmonary system. In this paper
we develop new two- and three-dimensional models of a region local to the shunt
by assuming that the flow in this vicinity can be approximated as irrotational. We
couple these models with an electric analogue of the global circulation dynamics,
which effectively provides boundary conditions for the local geometry.
The driving pressure gradients in the aorta and pulmonary artery are dominated
by their time-dependent components, whereas the velocity profiles have mean
components of similar size to the fluctuating components. The dynamics in the two
vessels are governed by two parameters, the Reynolds and Womersley numbers:
Re =
ρUR
μ ≈ 3030 and α = R
√ρω
μ ≈ 16.5 , (1)
where we use typical values as follows: blood density ρ = 1060 kgm−3 [20], dynamic
viscosity of blood μ = 0.0035 kg m−1s−1 [21], cardiac period T = 0.7 s [22],
corresponding to an angular frequency ω ≈ 8.98 s−1, radius of the aorta R = 0.01 m,
and peak velocity in the aorta U = 1 m s−1 [23]. The Reynolds number of the flow
is large, so inertial effects are dominant with viscous forces becoming important
only near the walls. The Womersley number associated with the oscillating terms
is also large, so if the mean component is neglected then the unsteady inertial forces
dominate and the flow is essentially one of plug-like motion.
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The blood ejected from the heart into the aorta and pulmonary arteries during
systole has little vorticity, so we can approximate it as irrotational. Furthermore,
during diastole the valves are closed so that the velocity is much reduced, and thus
there is negligible vorticity passed from one heartbeat to the next. For a pipe flow
with an irrotational entry profile the flow becomes rotational due to viscous effects in
boundary layers at the wall. These layers grow with increasing distance along the pipe
over a lengthscale that is small compared to the lengthscale of downstream variation.
We argue that the PDA is sufficiently near the heart that the viscous boundary
layers in the aorta and pulmonary artery are thin compared to the radii of these vessels
and remain attached and well-behaved during the entire cardiac cycle. This enables
us to obtain an approximation to the flow by modelling it as irrotational in the core of
the vessel matched to viscous boundary layers at the walls. The assumption is easily
justified for straight pipes, but the situation is less clear for arteries which curve in
two or three dimensions. Riley [24] studied flow in a curved pipe that is started by
the sudden imposition of a pressure gradient. He estimated that separation of the
boundary layer occurs after a distance of approximately 3.98(2δ )−1/2 radii from the
inlet, where δ is the ratio of the pipe radius to the radius of curvature of the pipe
centreline. For the aorta where δ ≈ 0.4 [25] and R ≈ 0.01 m, this formula suggests
the flow is irrotational in the first 102◦ of the bend. Moreover, the studies by Blyth and
Mestel [26] and Zabielski and Mestel [27] suggest that the shedding of vortex pairs
into the core of the fluid is delayed in helical pipes relative to toroidal pipes. Since
the centreline of the aorta is non-planar, this could imply the flow remains irrotational
further along the vessel. The position of the PDA varies between subjects, but it is
usually situated at the saddle point of the aortic arch, corresponding to approximately
90◦ into the vessel, justifying our assumption of irrotationality.
We scale velocities on the maximum velocity, U , distances on the aortic radius,
R, times on the cardiac period, T , and pressures on ρURT−1, so that the non-
dimensional form of the Navier–Stokes equations becomes
∂u
∂ t +
Re
α2
(∇×u)×u =−∇
(
p+
Re
α2
|u|2
2
)
+
1
α2
∇2u , (2)
where u and p are the non-dimensional velocity and pressure flow profiles, and the
non-dimensional numbers Re and α are given in Equation (1). If 1
α2
and Re
α2
are both
small, then away from the walls dudt ' −∇p. Even if Reα2 cannot be neglected, for
irrotational flows ∇×u = 0 and a similar result holds with the pressure modified by
subtracting the term Re
α2
|u|2
2 from the potential flow approximation.
In this paper we investigate the haemodynamics by considering three idealised
models of flow through a PDA. The choice of geometries is motivated by the available
techniques for solving Laplace’s equation analytically as well as the application of
the solutions to study flows through shunts. For simplicity we neglect compliance
and approximate the aorta and pulmonary artery as straight infinitely-long vessels. In
Section 2.1 we study a two-dimensional geometry consisting of two parallel channels
with a slit connecting them using complex potential methods. In Sections 2.2 and
2.3 we consider three-dimensional models: one consisting of two parallel touching
cylinders with a point hole connecting them and the other consisting of a single
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Fig. 2 Two-dimensional model considered in Section 2.1 in the complex z-plane, consisting of two infinite
channels of width π/2 representing the aorta (top) and pulmonary artery (bottom) with the heart connected
to inlets 1 and 2, and the systemic and pulmonary circulations to outlets 3 and 4. The shunt has length 2X .
cylinder divided in two by flat plates with a gap between them.We construct solutions
for both of these models using series expansions of analytical functions.
2 Mathematical model of the PDA and solution for the spatial dependence
The high-frequency time dependence in the aorta and pulmonary artery, as well as
the irrotational flow profiles at the ventricles, enable us to approximate the haemo-
dynamics near a PDA using potential flow analysis. Assuming that the vorticity is
confined to thin boundary layers during the cardiac cycle and that there is no vorticity
diffusion or separation into the core flow, the velocity and pressure of the flow satisfy
∇ ∙u = 0 and ∂u∂ t =−∇P , (3)
where P = p+ Re
α2
|u|2
2 is the static plus dynamic pressure. So, the potential φ satisfies
u = ∇φ , ∇2φ = 0 and ∂φ∂ t +P = f (t), (4)
where f is an arbitrary function. Equations (4) are to be solved together with no
penetration boundary conditions n ∙∇φ = 0 at the walls and suitable inflow and
outflow conditions. We seek a separable solution of the form u(x, t) = ∑nun(x)Tn(t)
or, correspondingly, φ(x, t) =∑n φn(x)Tn(t). The functions Tn are set by the boundary
conditions at the vessels’ inlets and outlets. In Sections 2.1-2.3 we calculate the set
of φn for each geometry under consideration.
2.1 Two channels with a shunt between them
The geometry is shown in Figure 2 and consists of two parallel doubly infinite
channels connected by a slit of length 2X . The ends of the vessels are labelled 1 to 4 as
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(a) (b)
(c)
Fig. 3 Contour plots of the non-dimensional stream functions (a) ψ1(z) =ℑ(w1(z)), (b) ψ2(z) =ℑ(w2(z))
and (c) ψ3(z) = ℑ(w3(z)) in the complex z-plane. The non-dimensional shunt width is 2X = 2 in all plots.
shown; we use corresponding superscripts to denote the values of quantities evaluated
there. It can be shown that at each inlet or outlet, the only solution of (4a) that satisfies
the boundary conditions and does not blow up exponentially fast is uniform flow
parallel to the walls, and thus we only need to specify the velocity magnitudesU1,2,3,4
at the inlets and outlets, withU1 +U2 =U3 +U4 due to conservation of mass.
In two dimensions Equations (3) imply that there exist both a velocity potential
φn(x,y) and a stream function ψn(x,y) associated with each velocity un such that
un(x,y) = ∇φn(x,y) = ∇×(ψn(x,y) k) (5)
where k is the unit vector perpendicular to the two-dimensional plane. We solve for
the complex potentials, wn = φn + iψn. The real and imaginary parts of wn satisfy the
Cauchy–Riemann equations and thus each wn is analytic. The four inlet and outlet
boundary conditions together with the restriction imposed by conservation of mass
imply there are at most three linearly independent solutions for wn, which are denoted
w1, w2 and w3. We present analytical expressions for a particular set (Figure 3)
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Fig. 4 Left: Geometry of the system considered in Section 2.2 consisting of two infinite cylinders
(representing the aorta on top and the pulmonary artery on the bottom) connected by a point singularity
(representing the PDA). The heart is connected to the two inlets z→−∞ and the systemic and pulmonary
circulations to the outlets z→∞. Right: Cross-sectional view and a diagram of the cylindrical coordinates.
w1 = T1z , (6)
w2 = T2 ln
(
−i sinhX + coshz−
√
sinh2X + cosh2 z
sinhX − coshz−
√
sinh2X + cosh2 z
)
, (7)
w3 = T3 ln
(
e2z−1−
√
2e2z (cosh(2X)+ cosh(2z))
2cosh(X)
)
, (8)
where z = x+ iy. We obtained these by finding conformal mappings, which send
the boundaries of the geometry in Figure 2 to the unit circle, that were then used to
construct each complex potential profile using the Milne–Thomson Circle Theorem.
This was done using a convolution of hyperbolic maps and Schwarz–Christoffel
transformations. Since the governing equations are linear we can superpose these
solutions to find the general solution w(x, t) =∑3n=1wn(x)Tn(t), which can be used to
calculate the velocity and pressure in the core flow. We also estimate the wall shear
stress by introducing Stokes boundary layers (of width≈ 1/α times the width of each
channel) at all rigid walls. It is proportional to the slip velocity of the irrotational flow.
The velocity profile behaves like r−1/2 near each edge of the shunt, where r is
the distance away from the corresponding edge. This singularity behaviour depends
on the angle of the corner that the flow needs to turn. For example, if the shunt is
modelled as a rectangle (i.e. if the angle of the bend is 270 degrees rather than 360
degrees) then the velocity singularities would behave as r−1/3 [28]. When viscosity
is reintroduced, the Stokes layers of thickness α−1 ensure that the shear stress at the
corners is finite and of the order α1/2 and α1/3 for the two corners respectively.
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Fig. 5 Streamlines of the flow corresponding to the velocity potential solution in Equation (10) for any
positive value of Q3. If Q3 is negative the arrows would be pointing in the opposite directions. The
coordinates x and y are defined by x = r sinθ and y =−r cosθ respectively.
2.2 Two cylinders with a point singularity between them
We consider two doubly infinite cylinders of radius 1 linked by a point singularity, see
Figure 4. We work in cylindrical coordinates (r,θ ,z) natural to the top cylinder with
the singularity at the point (1,0,0). As in Section 2.1 the flow must be uniform and
purely axial at each of the four cylinder ends, so the boundary conditions are specified
by the inlet and outlet velocities, U1,2,3,4, and mass conservation implies there are
three linearly independent solutions. These can be written in terms of their velocity
potentials, φk(x), k = 1..3, each of which satisfies Laplace’s equation, ∇2φk = 0, as
before. However, since the flow is fully three-dimensional there are no corresponding
stream functions. As before we apply no penetration boundary conditions at the walls.
There are two linearly independent trivial solutions, which are spanned by
uniform flow in one pipe and no flow in the other, given by
φ1(x) =
{
z in top cylinder
0 in bottom cylinder and φ2(x) =
{
0 in top cylinder
z in bottom cylinder . (9)
The third solution drives fluid through the point singularity. We choose a flow
that is symmetric in both the plane z= 0 and in the common tangent plane of the two
cylinders. Due to symmetry, we calculate the solution in the top cylinder and find
the solution in the other by reflection. In these coordinates the boundary condition is
∂φ3
∂ r = Q3δ (z)δ (θ) at r = 1. The constant Q3 represents the flux through the point
singularity and thus we also stipulate that the uniform velocity at each inlet or outlet
is ∂φ3∂ z =±Q32π depending on the direction of the flow. We use a Fourier transform and
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(a) (b)
(c) (d)
Fig. 6 Comparison between the non-zero velocity components in the x = 0 plane of the three dimensional
model (Section 2.2) and the equivalent two-dimensional profiles (Section 2.1) if the shunt width equals
0.2. Contours of (a) v and (c) w associated with the velocity potential in Equation (10) and of (b) v and (d)
u associated with the complex potential in Equation (7) where T2 = 1/2π .
Fourier series to find the particular solution to Laplace’s equation
φ3(r,θ ,z) = Q32π
∞∫
−∞
[
I0(kr)
2πkI′0(k)
− 1
πk2 +
∞
∑
n=1
cos(nθ)In(kr)
πkI′n(k)
]
exp(ikz)dk , (10)
where In is the modified Bessel function of the first kind of order n. The term−1/πk2
is included to remove the singularity at k = 0 in the square brackets. The approximate
streamlines based on using the first 12 terms of the truncation and performing the
integral over the range [−100,100] are shown in Figure 5. The Cartesian coordinates
are defined by x= r sinθ and y=−r cosθ , and we write the velocity as (u,v,w). The
plane x= 0 containing the centrelines of both cylinders is a plane of symmetry, and no
streamlines cross this plane. The velocity profiles within this plane when Q3 = 1 and
the equivalent profiles from the two-dimensional model considered in Section 2.1 for
a shunt size one tenth of the width of the channel are compared in Figure 6. Note that
the z-coordinate and therefore the w-velocity component in this section correspond
to the x-coordinate and thus the u-velocity component in Section 2.1. The velocity
component u in the three-dimensional model is exactly zero by construction in the
chosen plane x = 0. There is good agreement of the other two velocity components
between the two models with slowest convergence of the truncation errors in the
three-dimensional model along the curve {r = 1,z = 0}. We note singularities at the
shunt edges in all four computed profiles; however, the scales in the plots have been
restricted so that the dynamics away from the singularities could be compared.
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Fig. 7 Left: Geometry of the system considered in Section 2.3 consisting of two infinite semi-cylinders
(representing the aorta on top and the pulmonary artery on the bottom) connected by a rectangular shunt of
non-dimensional size 1×2a (representing the PDA). The heart is connected to the two inlets z→−∞ and
the systemic and pulmonary circulations to the outlets z→ ∞. Right: Cross-sectional view and a diagram
of the cylindrical coordinates.
The full solution for the velocity potential is φ(x, t) = ∑3n=1 φn(x)Tn(t), which
can be used to estimate the three-dimensional dynamics in the aorta and pulmonary
artery. However, this model is limited in capturing the dynamics near the shunt; in
particular, a Stokes boundary layer approximation at the rigid wall is inconsistent
with the imposed point singularity there. This motivated us to consider another three-
dimensional geometry where the shunt is modelled as a two-dimensional surface.
2.3 Two semi-cylinders joined by a plate
The third, and final, idealised geometry we consider consists of a cylinder that is
divided by a plate with a rectangular gap (Figure 7). We use cylindrical coordinates
natural to this cylinder with r = 1 corresponding to the surface of the cylinder and the
two rigid walls between the semi-cylinders described by {θ = 0,π, z≥ a} and {θ =
0,π, z ≤ −a}. We use Cartesian coordinates defined by x = r cosθ and y = r sinθ .
The shunt is a rectangle of width 1 in the x-direction and width 2a in the z-direction.
We seek a set of three linearly independent flow profiles as before. Each
is described by a velocity potential φn that satisfies Laplace’s equation, no-flux
boundary conditions on the cylinder described by ∂φn∂ r = 0 at r = 1, no-flux boundary
conditions on the plate between the two vessels and 1
r
∂φn
∂θ = 0 at θ = 0 or π when|z| ≥ a, and uniform flow at the inlets and outlets of the geometry. We construct
solutions for a particular set of three such solutions by partitioning the geometry into
subregions and considering expansions motivated by the general solution of Laplace’s
equation in cylindrical coordinates in each subregion. The choice of set is motivated
by the number of planes of symmetries we can impose on each solution to simplify
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the derivations. The expansions and partitions we consider are
φ1(x)=T1z r∈[0,1],θ∈[0,2π],∀z (11)
φ2(x)=

∞
∑
n=0
∞
∑
k=1
ankJ2n+1
(
μ2n+1k r
)
sin((2n+1)θ)cosh
(
μ2n+1k z
)
r∈[0,1],θ∈[0,π],z∈[0,a]
T2z+
∞
∑
n=0
∞
∑
k=1
bnkJ2n
(
μ2nk r
)
cos(2nθ)e−μ2nk (z−a) r∈[0,1],θ∈[0,π],z∈[a,∞)
(12)
φ3(x)=

B00z+
∞
∑
n=0
∞
∑
k=1
AnkJ2n+1
(
μ2n+1k r
)
sin((2n+1)θ)sinh
(
μ2n+1k z
)
+
∞
∑
n=0
∞
∑
k=1
BnkJ2n
(
μ2nk r
)
cos(2nθ)sinh(μ2nk z) r∈[0,1],θ∈[0,2π],z∈[0,a]
T3z+
∞
∑
n=0
∞
∑
k=1
Cnk J2n
(
μ2nk r
)
cos(2nθ)e−μ2nk (z−a) r∈[0,1],θ∈[π,2π],z∈[a,∞)
∞
∑
n=0
∞
∑
k=1
DnkJ2n
(
μ2nk r
)
cos(2nθ)e−μ2nk (z−a) r∈[0,1],θ∈[0,π],z∈[a,∞)
(13)
where the constant
μnk is the kth positive root in ascending order of Jn ′(μ) = 0 . (14)
The unknown constants in these expansions can be found by considering the set
of equations that ensure continuity of each velocity potential solution and its first
derivatives across any subregion boundary or partition. We then reduce the number of
equations using four semi-orthogonal identities of the circular and Bessel functions:
π∫
0
1∫
0
rJn (μnk r)sin(nθ)JN
(
μNK r
)
sin(Nθ)drdθ = πδnNδkK
2
1∫
0
r (Jn (μnk r))2 dr
if both n and N are odd (15)
and three similar expressions obtained by symmetry. We use the notation δi j for the
Kronecker delta function. For example, the expansion of the solution φ3 in Equation
(13) requires four equations of continuity evaluated at z = a: two in the top semi-
cylinder that need to be satisfied ∀r ∈ [0,1], θ ∈ [0,π] and two in the bottom semi-
cylinder that need to be satisfied ∀r ∈ [0,1], θ ∈ [π,2π]. Using the semi-orthogonal
relationships we can represent each unknown Bnk , Cnk and Dnk as an infinite linear
combination of the unknowns Ank , and thus the number of equations we need to solve
reduces by a factor of four. The problem is simplified to a linear system of infinite size
for the unknowns Ank , k = 1..∞, n = 0..∞ and progress can be made by truncating the
infinite series and observing that the terms multiplying each constant Ank in Equation
(13) decrease as k and n increase. The same technique was applied to obtain the two
sets of constants in the expansions in Equation (12).
Figure 8 shows the streamlines that correspond to the solutions φ2 and φ3
for the truncations k = 1..8 and n = 1..14 and the specific shunt width 2a = 2.
These were obtained by differentiating the analytical expression for each velocity
potential, calculating the velocity field for a mesh consisting of 40×40×80 points
and integrating numerically between points. The plots, and in particular the smooth
streamlines across the interfaces at z = ±1, suggest that the matching between
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Fig. 8 Streamlines of the flows corresponding to the velocity potential solution φ2 (a) and φ3 (b) from
Equations (12) and (13) respectively. The constants T2, T3 and a are all chosen to equal one. The
coordinates x and y are defined by x = r cosθ and y = r sinθ . The two rigid walls in the plane y = 0
and bounded by z ∈ [1,∞) and z ∈ (−∞,−1] can be identified by the streamlines that curve round them in
both plots.
partitions is sufficiently smooth despite the truncations of the series in the analytical
solutions. The main behaviour that cannot be fully captured by this method is the
velocity singularity along the sharp edges of the shunt. However, the two-dimensional
model that we developed in Section 2.1 tells us that this singularity behaves like r−1/2
near the edges where r is the shortest distance to the edges. The flow described by
φ1 is uniform in the z-direction and is thus trivial. The velocity fields in the midplane
x = 0 of all three solutions compare very well with the two-dimensional equivalents
in Section 2.1.
A general solution can be constructed as before using a linear combination of
the three flows φ(x, t) = ∑3n=1 φn(x)Tn(t). The functions Tn(t) determine the flow
profile at every time step. We next derive a model for the global flow dynamics in the
pulmonary and systemic circulations in order to estimate possible time-dependent
functions for all three spatial models that we have considered so far.
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3 Time dependance and results
The models of Sections 2.1, 2.2 and 2.3 each depend on the instantaneous values
of the fluxes U1, U2, U3 and U4. In practice these values are time-dependent and are
determined by other factors in the circulation. We model these using bulk parameters
derived from an electric circuit analogue. This is used to provide boundary conditions
for the flux at the inlets and outlets of each geometry. The circulation compartments
are modelled as resistors or capacitors joined together by vessels in a closed circuit.
Here we describe the coupling between the two-dimensional geometry in Section 2.1
and such an electric analogue but the method can be easily adapted for the other
models as well: the only change is that the cross-sectional area of each vessel needs
to be chosen such that the fluxes and velocity profiles at the inlets and outlets match
with the available physiological data.
Let Un(t) and Pn(t) be the non-dimensional horizontal velocity and pressure
evaluated at the nth inlet or outlet of the geometry. We seek to find eight equations to
complete the system. Conservation of mass
U1(t)+U2(t) = U3(t)+U4(t) , (16)
modified Ohm’s law relationships for the downstream dynamics
P3 = μ (Pv +R3U3) (17)
P4 = μ (Pp +R4U4) (18)
and the Bernoulli equation
∂U1
∂ t +P1(t) =
∂U2
∂ t +P2(t) =
∂U3
∂ t +P3(t) =
∂U4
∂ t +P4(t) (19)
provide six equations for the eight unknowns. The constants Pv and Pp are time
averages of the pressure in the systemic venous and systemic pulmonary arterial
circulations, whereas R3 and R4 are the resistances in these circulations. The constant
μ is the ratio between the aortic radius and the distance between the left ventricle and
the shunt, and could be absorbed into the other parameters.
Two further conditions are required, relating the input pressures and fluxes at
the ventricles. Here, we assume that the heart, blood vessels and lungs in some
asymptomatic patients compensate in such a way that the cardiac output produced
by the ventricles is the same as in healthy adults. This is equivalent to prescribing the
spatially-uniform velocity at the ventricles. We chose typical profiles from different
patients using measurements courtesy of Dr. Justin Davies at Saint Mary’s Hospital,
London. We normalised these data to be consistent with our model and prescribed
zero flow at the ventricles during diastole. The velocities at the left and right ventricles
U1(t) andU2(t) are shown in Figure 9. They complete the system of equations needed
to solve for all horizontal velocities Un(t) and pressure profiles Pn(t) at the inlets
and outlets. In these simulations we use the following dimensional parameters: the
length of the shunt is L = 0.009 m [30], the distance from the aortic root to the
centre of the shunt is dvd = 0.075 m [31], the resistances in the systemic and in
the the pulmonary circulations are R3 = 1050×105 kg s−1m−4 (1050 dynes s cm−5)
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Fig. 9 Predicted velocities (left) and pressures (right) in the ascending aorta (black line) and in the
pulmonary artery (grey line) upstream (solid line) or downstream (dashed line) from the shunt in an
asymptomatic PDA patient whose heart produces the same cardiac output as a healthy person. The pressure
integration constant is chosen to be such that the pressure at the ventricles is zero during diastole.
[32] and R4 = 150×105 kg s−1m−4 (150 dynes s cm−5) [32], the mean systemic
venous pressure is Pv = 8 mmHg [33] and the mean systemic pulmonary arterial
pressure is Pp = 15 mmHg [34]. These values were non-dimensionalised using the
characteristic values given just before Equation (2) and substituted into the non-
dimensional Equations (17-18).
It should be remembered that the potential pressure Pn(t) is related to the
physiological pressure pn by the relationship pn(t) = Pn(t)− Reα2
|Un(t)|2
2 as discussed
after Equation (2). An integration constant can be added to the profiles, which is
chosen so that the pressure at the ventricles during diastole is zero. The velocity and
pressure at the two inlets and two outlets are shown in Figure 9. The time-dependent
constants Tn(t) that define the flow at all points in the cardiac cycle can be found
from the velocity profiles. The mathematical models in Section 2 can now be used to
analyse the flow dynamics in the vicinity of the shunt.
3.1 Streamlines and flux
Plots of the dimensional stream function ψ(x,y, t) at four different times during the
heartbeat are shown in Figure 10. The contours in these plots coincide with the
streamlines at those particular times and the difference in value between two points
is the flux through a line connecting these points.
Figure 10(a) at time t = 0 s represents a typical point during diastole. Our
model predicts that there is backflow from the pulmonary artery into the aorta during
diastole due to the lower pressure in the systemic vascular circulation compared to
the pulmonary circulation (Pv <Pp). This flow is relatively small: its magnitude is one
tenth of the maximum flow during systole. However, it is important in terms of blood
distribution as de-oxygenated blood bypasses the lungs and is sent to the systemic
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Fig. 10 Stream function ψ , measured in litres per minute, in a two-dimensional cross section of the aorta
(top channel), the pulmonary artery (bottom channel) and a PDA at times (a) t = 0 s, (b) t = 0.1 s, (c)
t = 0.2 s and (d) t = 0.3 s. The two channels are of width 2R= 0.02 m and the shunt width is L= 0.009 m.
system, which could potentially have a huge significance on the well-being of a PDA
patient. Such a backflow has been detected in PDA patients [35,36].
In addition, our model predicts that during systole the flow volume leaving the
aorta is larger than that leaving the pulmonary artery, as can be seen from the area
under the curves U3(t) and U4(t) in Figure 9. This suggests that either the lungs
receive a smaller volume to oxygenate in asymptomatic PDA patients than in healthy
adults, or that the heart compensates for such a loss in oxygen by ejecting higher
cardiac volumes. Figures 10(c) and 10(d) show the stream function at two typical
time points during systole. At time t = 0.2 s, there is almost no flow being shunted
through the PDA. However, at time t = 0.3 s, a flux of approximately 7 lmin−1
bypasses the lungs and is sent to the systemic circulation. If this happens during
every cardiac cycle then the cardiac output is likely to increase to compensate for
the loss in oxygen perfusion. It is observed in the literature that PDA patients can
exhibit similar physical exertion at rest as do healthy adults during exercise. This, in
turn, can explain why PDA patients can appear asymptomatic and yet develop serious
conditions with time: it is not natural for the body to work at high rates continuously
with no recovery period.
The specific time point t = 0.1 s in Figure 10(b) happens to be during the short
transition between diastole and systole. In particular, it is at a time when the left
ventricle is pumping a larger output (approximately 4.5 lmin−1) compared to the right
one (approximately 0.5 lmin−1) due to the small time lag between the contraction of
the left and right ventricles. A small but considerable amount of blood (approximately
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Fig. 11 Shear stress τ at time t = 0.16 s, measured in pascals, in a three-dimensional geometry of two
semi-cylinders representing the aorta (left) and the pulmonary artery (right) joined by a rectangular PDA
joining them. The two semi-cylinders are of height√2R≈ 0.014 m, the shunt is of size 0.009 m by≈ 0.028
m. The z-coordinate is stretched by a factor of≈ 3.14 with respect to the x and y-coordinates in the figures.
0.2 lmin−1) is shunted through the PDA. Thus, blood that has been oxygenated
already is being sent back to the lungs for oxygenation. This process is inefficient
and could potentially strain the lungs and the rest of the body.
3.2 Shear stress
We estimate the shear stress at the rigid walls using a Fourier series decom-
position of the velocity profiles Un(t) in Figure 9 and a Stokes boundary layer
approximation. We consider the third geometry where the diameter of the cylinder
is chosen to be such that the velocities and fluxes at the ventricles are consistent with
the two-dimensional model. The simplification of the geometry, and in particular the
sharp edges of the shunt, is such that large shear stresses are expected there.
The shear stress in the two semi-cylinders at time t = 0.16 s is shown in Figure 11.
The scales in the two plots are different, but are such that the shear stress is continuous
on the curved surface between the planes z = −L/2 and z = L/2. The shear stress
is different on different sides of the two plates separating the semi-cylinders. The
particular time t = 0.16 s is during systole when the flux leaving the left ventricle
is highest. Most of it leaves through the aorta, with some entering the pulmonary
artery. The largest shear stress away from the shunt edges at this time (≈ 0.41 Pa)
is lower than the generally-accepted maximum shear stress in the aorta of a healthy
adult, which is in the range (1,1.5) Pa [37]. Although it is unreasonable to expect
good quantitative agreement from our simplistic model, the shear stress distributions
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predicted by the mathematical model should be qualitatively correct and we believe
can be used as a good starting point for future studies.
3.3 Pressure
Unlike healthy adults, where the typical pressure ranges in the aorta and pulmonary
artery are approximately (80,120) mmHg and (10,40) mmHg respectively, the shunt
in PDA patients enforces much smaller differences between the two vessels if similar
cardiac outputs are to be encountered as in healthy adults. A PDA patient that
exhibits the predicted pressure impulses in Figure 9 is unlikely to survive, let alone be
asymptomatic. It is expected that the body will compensate in some way: for example
by increasing the systemic and pulmonary systemic pressures Pp and Pv. The solution
was applied to a range of parameters and we believe that it is likely that the resistances
in the systemic venous and pulmonary systems would decrease in PDA sufferers. This
is a known control mechanism in the body: resistances are known to decrease during
hypoxia.
The total cardiac output for a healthy adult at rest is ≈ 6(±1.3) lmin−1 [38].
However, it changes continually in response to circumstances. For example, when an
adult exercises to 85% of his/her maximum heart rate, the cardiac output is on average
17.5(±6) lmin−1 [39] and Olympic athletes regularly reach cardiac outputs of
40 lmin−1 [40]. Since ventricular ejection adjusts in response to different conditions,
it is expected that the flux distribution outside the heart will change significantly
in the presence of a PDA. However, since this mathematical model considers the
same ejection volumes as in healthy adults, the cardiac output is constrained and
speculations can be made mainly on the proportional distribution.
A different simulation was performed to test the hypothesis that the pressure
in asymptomatic patients is similar to the pressures in healthy adults. The large
differences in pressure across the shunt (∼ 40 mmHg) were found to stimulate flow of
unrealistic size from the left ventricle into the right ventricle in addition to flow from
the aorta into the pulmonary artery. Most likely, neither the flow nor the pressure in
asymptomatic PDA patients are similar to those in healthy adults and unusual flows
perhaps with sloshing are present in the two arteries. However, although the pressures
in the aorta and pulmonary artery are expected to not be as close as the predicted
curves in Figure 9, they cannot be the same as in healthy adults either. The pressure
difference that can be sustained across the shunt without backflow into the right
ventricle is estimated to be around 10 mmHg by the model, but this value depends on
many factors such as the shunt size, the resistances and systemic pressures.
4 Discussion
Due to the large Reynolds andWomersley numbers and the complicated geometry
of the aorta and pulmonary artery, numerical simulations are sensitive to small
errors and perturbations. Our main aim was to develop the first continuum model
for the quantitative and qualitative changes of blood flow through the patent ductus
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arteriosus. The main non-dimensional parameters that govern the flow are the
Reynolds number Re≈ 3030 and the Womersley number α ≈ 16.5. We have argued
that these values allow us to model the flow in the core of the aorta and pulmonary
artery as irrotational, and that it remains potential in the ascending aorta for most of
the cardiac cycle. In addition, the geometries in the models are idealised so that a
potential flow solution can be obtained analytically. Despite these idealisations, it is
useful to have an analytic flow model as it gives a starting point to solving a difficult
problem.
The main challenge in studying the haemodynamics in asymptomatic PDA
patients is the lack of available measurements of the flow and pressure near the shunt.
This led to our use of an electric circuit analogue to predict the time-dependent
boundary conditions at the inlets and outlets of the geometries. The details of the
model depend on the choice of the two equations that specify the ejection from the
heart. The presented results assumed that the heart is a flux pump and the volume
outputs are the same as in healthy adults. Many other scenarios were considered
such as modelling the heart as a pressure pump, adding features such as compliance
in the pulmonary and systemic circulations, resistance in the ventricles, valves at
the ventricles that allow no backflow into the heart, a control mechanism for the
valves and resistance across the PDA. The main observation is that during systole
large volumes of blood are expected to flow backwards in the aorta towards the
left ventricle due to the large differences in pressure between the two arteries. It
is possible that this occurs in PDA patients since the main bifurcations at the top of
the aortic arch are between the left ventricle and the shunt in most people, so this
additional flow can be absorbed by the carotid and subclavian arteries.
All the cases considered were found to be sensitive to the chosen model of
ventricular ejection. Future work should ideally include clinical measurements from
PDA patients. In any case, the two-dimensional and three-dimensional models
capture the local haemodynamics near a shunt sufficiently well provided realistic
time dependence is introduced through the inlets and outlets. Many of the predicted
results compare well with clinical observations. Firstly, the predicted difference in
pressure between the aorta and pulmonary artery is found to be significantly less in
PDA patients than in healthy humans, in agreement with measurements [9]. Secondly,
the flow through the shunt can change direction during the cardiac cycle. During
diastole the mathematical models show that there is backflow from the pulmonary
artery into the aorta, which has also been observed [35,36]. During systole flow is
expected to be shunted either towards the pulmonary systemic circulation or towards
the left ventricle. The mathematical models predict that the cardiac output increases
and the systemic resistances and pressure difference between the aorta and pulmonary
artery decrease to compensate for the flow bypassing the oxygenation process in the
lungs. This in turn suggests a mechanism for the lack of exercise tolerance and the
development of cardiovascular disease in patients with PDA.
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